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@ Transverse momenta gr < my are dominated by Sudakov logarithms
al In™(gr/mg), m < 2n — Resummation to all orders is necessary

@ Resummation is well understood since [Collins, Soper, Sterman '85]

@ Resummation carried out mostly in Fourier space by
DYRes [Catani, de Florian, Ferrera, Grazzini 15 ..., HRes [de Florian, Ferrera, Grazzini, Tommasini
12 ...], ResBos [Wang, Li®, Yuan '12 ...], CuTe [Becher, Neubert, Wilhelm '12], [D’Alesio, Echevarria,
Melis, Scimemi '14], [Echevarria, Kasemets, Mulders, Pisano '15], [Neill, Rothstein, Vaidya '15],

arTeMiDe [Scimemi, Vladimirov '17], ...

» Resums In(Qbr) rather than In(Q/qr)
» Theory uncertainties are estimated in Fourier space:

Scale variations probe In(Qbr) rather than In(Q/qr)
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@ Transverse momenta gr < my are dominated by Sudakov logarithms
al In™(gr/mg), m < 2n — Resummation to all orders is necessary

@ Resummation is well understood since [Collins, Soper, Sterman '85]

@ Resummation carried out mostly in Fourier space br

DYRes [Catani, de Florian, Ferrera, Grazzini 15 ...], HRes [de Florian, Ferrera, Grazzini, Tommasini
'12 ..], ResBos [Wang, Li®, Yuan 12 ...], CuTe [Becher, Neubert, Wilhelm *12], [D’Alesio, Echevarria,
Melis, Scimemi ’14], [Echevarria, Kasemets, Mulders, Pisano ’15], [Neill, Rothstein, Vaidya ’'15],
arTeMiDe [Scimemi, Vladimirov *17], ...

» Resums In(Qbr) rather than In(Q/qr)

» Theory uncertainties are estimated in Fourier space:

Scale variations probe In(Qbr) rather than In(Q/q7r)

@ Is it possible to carry out resummation directly in momentum space?
[Frixione, Nason, Ridolf '97], [Ellis, Veseli '98], [Kulesza, Stirling '00],
[Monni, Re, Torrielli '16], [Bizon, Monni, Re, Rottoli, Torrielli '17] (— see Luca’s talk)

Goal: Resummation in momentum space as a complementary approach. )
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Factorization of transverse momentum

distributions
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Factorization theorem

o(dr) = 00H(Qu ) [ PRy *Fa R, 8(dp — B — Bz — o)

X B(Q6Y7 Eh s V)B(Qe_ya EZ& M V)S(Esa ey V)

[Collins,Soper,Sterman '85]
[Becher, Neubert *10]
[Echevarria, Idilbi, Scimemi '11]
[Chiu, Jain, Neill, Rothstein '12]

@ Hard function: Describes hard process, e.g. g9 — H - VV

@ Beam functions: Describe collinear radiation along beam axes
Often referred to as transverse-momentum dependent PDFs (TMDPDFs)

@ Soft function: Describes isotropic, soft radiation

@ Corrections are power suppressed by gr/Q
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Resummation of large logarithms

@ Hard, beam and soft functions contain UV and rapidity divergences
@ Renormalization induces unphysical scales i and v (¢ in CSS)

o(qr) ~ ooH(Q, u)[B(p,v) ® B(p,v) @ 51, v)|(qr)
@ Large Sudakov logarithms split into

ln28 = 2Q+2l ——i—ln—l —
ar iz u Q no v
@ All-order logarithmic structure encoded in renormalization group
equations (RGE) m
@ RGEs allow to resum large logarithms Q“ Hard
individually in hard, beam and soft functions 4
» Logarithms in spectrum can be . RGE
resummed to all orders in o f
@ Resummation accuracy fully specified by ad Y DBeam
boundary terms / anomalous dimensions L vReE
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RG structure of the cross section

RGEs capture all-order logarithmic structure:

m
o u-RGE: dH +
WRGE QW @y o} e
dp 4
dB(w, @p, p,v) R RGE
’dT’ ’ :'YBB(‘-‘-’7QT3N7V) .
K Soft Y Beam
dS(Gr, usv) B R e e
Hdi:'YSS(QT-/,UaV) ' —v
7 qr Q

o v-RGE (RRGE):
VdB(‘-"’a qr, 1y V) _
dv
dS(qT 22) V)
dv

1 = — =g —_
_5 /d2kT FYV(QT — kr, H)B(wakTa Ky V)

/d2kT 7u(qT - kTa/L)S(kTa s V)

= % (@1, 1) ® S(@r, pyv)
@ Commutativity of u and v RGE:
A (drs 1) _ dvs
)
dp

6(qr) = —4lclos(p)]d(qr)
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RG structure of the cross section

@ All-order logarithmic structure encoded in the RGEs:

df(q v 7.
% = ’y“’f‘f(qT,lst V)
df (@rspv i 72
u% = Yo,r (@7, 1) @ F(@r, pv)
v (@rop) _ _ 7
i = —4T'cé(qr)

@ Equivalent set of RGEs in all RG-based formalisms (CSS, SCET, ...)
» Differ only in rapidity regularization (¢, v, .. .)
» Some approaches combine beam and soft function into TMDPDF

@ Factorization proven to all orders
— not restricted to particular order N*LO + N"LL

@ RGEs encode the exponential structure of the large logarithm In(Q/qr)

@ Accuracy of resummation fully specified by fixed-order accuracy of
anomalous dimensions / boundary terms
Ex.: NNLL = one-loop FO + two-loop ' + one-loop non-cusp anom dim
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Difficulties with resummation in momentum space
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Solving RGEs in Fourier space

. . H
@ Convolutions become products in '\ Hord
Fourier space T A
° RQEg .are.easny solved: | RGE
(Simplification: pr = pus = pus) :
Soft \ Beam
o Ered B S e
o(dr) = oo /d2bT e'tr-ar : >
qr Q
Fixed order ~ — 25,7
boundary X H(Q, pu)B(w,br, ur,vp)*S(br, 1, vs)

KT d/j,l ’ Vs _ =
RG evoluton ——— X exp / v (Q, ') | exp |In —4, (br, pr)
4 VB

/
MHH

p evolution v evolution

@ Resummation in Fourier space
/J'H:Q7 )u'T:]-/bTa VB:Q, I/Szl/bT

@ “Natural” scales in momentum space (?)
rE=Q, pr=9qr, ve=Q, vs=4qr
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First attempt at momentum space resummation

o I
@ “Natural” choice in momentum space: I\ Hard
Q..
rE =Q, pr=4qr A
v =Q, vs=gqr {11 RGE
i i Soft V Beam
@ At LL, this gives T @t
o ar Y
dy’ o o T(1—w)
o(Gr) = — exp[ / e (Q, p') | emPrEe =2
qr 12 F(w)
Q
w = 2Tc[as(qr)] In —
qr QZ
@ The spectrum contains a divergence when T'c[a,(gr)] = In™" —
dr

> ForQ = mpy:gr = 8 GeV (I'c ~ Ca)
» ForQ = myz: qr = 2GeV (I'c ~ CFr)

@ Simple momentum space resummation ill-defined!
Already noted in [Frixione, Nason, Ridolfi '97; Chiu, Jain, Neill, Rothstein '12]
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Problems in the momentum space resummation

@ Divergence arises from v evolution of soft function:

N — I vp . —
S(Prspm,vB) = /dsz e Pr S(br, p, VS)eXp[ln . ’ru(b:r,u)]
S

=1 v
= S(Frs sy vs) + 3 " (@") @ S (B i vs)

n=1

@ Obviously fulfills RGE

d . L .
v oS v) = [@¥Fr v Fr — ke S(Er, p.v)

@ A priori, this only shifts In(pr/vs) into In(pr/vE)

@ Resummation assumes that S(pr, 1, 7s) has no large logs, i.e.
S(ﬁTa s VS) = 6(ﬁT) + e

= All logs are predicted through RG evolution

@ Does vs = gr eliminate all logarithms in the boundary S(pr, 1, v5)?
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Problems in the momentum space resummation

lllustration in momentum space:
@ Investigate the first convolution in more detail:

1724 — — — — - — —
In 2 / 2Ry d%Ra v (Ra, 1) S (Ray 1) 3(Fp — Ry — Fz)
S

@ Which momenta |k+|, | k2| contribute to the convolution?

@ Kinematically forbidden
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Problems in the momentum space resummation

lllustration in momentum space:
@ Investigate the first convolution in more detail:

1%4 — — - — - — —

In 2 /d% A2~y (R, 12) S(Ray gty 1) 6(Fp — By — Ka)
S

@ Which momenta |k+|, | k2| contribute to the convolution?

|’_le

@ Kinematically forbidden &

@ Soft contributions ky ~ kg ~ pr
» Correctly described by 5 ~ ;r\

» Induces large In(vg /vs) okl
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Problems in the momentum space resummation

lllustration in momentum space:
@ Investigate the first convolution in more detail:

1724 — — — — - — —
In 2 / 2Ry d%Ra v (Ra, 1) S (Ray 1) 3(Fp — Ry — Fz)
S

@ Which momenta |k+|, | k2| contribute to the convolution?

|z
A

@ Kinematically forbidden
@ Soft contributions ky ~ kg ~ pr
» Correctly described by v ~ ;r\ /
» Induces large In(vgi /vs) L

@ Hard contributions k1, ko > pr
» Contributes d_‘ue to_lfinematic
cancellation k1 + ko = P '
» Should not give a large log... -4 Ey

. . VB
» but receives spurious In —
Vs
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Problems in the momentum space resummation

@ The first convolution
vp — — - — - — —
lnj dzkldzk:Z ’Yu(kla IJ/) S(k2a s VS) é(pT — ki — kz)
S

@ should actually behave as

— — vp — — - — —
[y ) S vs ~ ) 6 — Fr — o)
Y Y 1

Minimize logs In(k2 /vs)

Rapidity Iogari_tﬁm of inside S(Ez, o vs)

emission k1
@ Can not be achieved with simple exponential
N = ad 1 n vp n N
S(I’T? s VB) = S(pTa s VS) + Z ; In 7[("/1/@ )®S](pT7 s VS)
n=1 ° S

» Requires a “generalized” exponential solution

@ Soft function is a distribution — How to set vs = k5?
» Requires “distributional scale setting”, see 1611.08610
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gr Resummation in distribution space
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Strategy

@ Focus on the soft function S (9, 11, )

@ Beam and hard functions are analogous (and much simpler)

@ Soft rapidity anomalous dimension =,, is governed by cusp anom. dim
PRI avcla, )6 (r) (1)

» Crucial input to guarantee path independence of (u, v)-running

@ Soft function evolution is governed by
dS(ﬁTa s V)
p——n 7

d = vs(p,v) S(Prs 1y V) @

u

I/M = (’71/ & S)(ﬁT? My V) (3)
dv

@ Equations increase in complexity — solve step by step
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Rapidity anomalous dimension -,

@ Formal solution of rapidity anomalous dimension ~,,:
!

_ _ . 1%
Yo (Prs> ) = Yo (Brs o) — () v 4T c[as (1))
Ho

@ Boundary is distributionally minimized with po = pr|+:

4F0[as(pT)] L= 1 d’Yu[Ots(pT)] £ ~
WL [27rp% dlnpr :|++6(pT)’7u[as(£)]

Y (Prs 1) = [

@ Cusp piece: Predicted by RGE
@ Noncusp piece: Fixed-order boundary terms

@ Virtual corrections to real emission p resummed in as(pr)
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Soft p evolution

@ u evolution:
dS(ﬁTa s V)
p———n

d ="/S(N9V)S(ﬁTaHaV)
7

@ Formal solution:

_ . Hdp! ,
S(Br, s v0) = S(Frs o, vo) exp| [ s (o)
Mo

@ To minimize boundary term: po = vo = prl+

S(Prs py prlt) = 0(Pr) Slas(p)]
1
27wpr dpr

®dy u

Slas(pr)] eXP{/p d,ﬁ “’S("‘,’pT)H

T

+

@ Boundary term S[as(p)] arises as coefficient of § (p)
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Soft v evolution

o Rapidity RGE: .
VdS(pTa M V)

TR = (0 ® ) (Fra e v)
174
@ Correct solution is a “generalized” exponential

S(Prs 1, v) = S(Pr, s Prly)

v dl/l - _ — —
+ — dzkl Yo (Pr — k1, 1) S(k1, p, kll—l—)

prh V1
v dl/l - R -
+/ 7/d2k1 7u(pT - kla“’)
prh V1
V1 dV2 27 — — —
x/ —/d Foo o (Fy — By 10)S (R i Kol )
k1|+ Uy
+ .

@ Fulfills the rapidity RGE v/
@ v = pr|4+ reproduces correct boundary S (P, p, prl4-)
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RG-evolved cross section

i / d2 P distributional
(—_—

o(qr) = oo H(Q, pw)

27qr dgr scale setting
|Pr|<qr
A i 27 321 321 — 4 o -
X exp / 7H(Q’/~l') /d kad kbd ksa(pT_ka_kb_ks)
ne M
—/ — —/ .
X /dzkz‘g [6(ks —k)e— v evolution

+ T

n=1i=1"ki—1lt

/d2 s o (i1 — ,,uT)6<k —k —Zk)]

X Ba(waa kav KT, Va) Bb(wby kb? U, Vb) S(ksv KT, k; |+)(— mlr?l%slzed

Vi

@ Complicated iterative distributional structure
@ Intrinsically nonperturbative due to ~,, (K7, i) ~ s (kr)

> Nonperturbative effects suppressed by O(Ag,p,/47.),
but require nonperturbative model

@ No numerical evaluation available yet
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Verification: LL cross section without as-running

Solution in distribution space:

o(dr) = 27r1q dq (wa,QT)fb(wb,QT)exp[—fl 2 ?T]
X [1—2rcc31nQ +rc(2<‘l s Q° +6C51nQ—2)
a3 3 ar a7
2
+r4< 4C5IH3Q——|—10§'31 2Q——30¢7an—2>
ar qT

+Oo(r%)

@ Exponential resums In(Q/qr) at LL
@ Many apparent-subleading terms arise from rapidity evolution
@ These have no simple exponential structure
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Verification: LL cross section without as-running

Solution in Fourier space:

oldr) =< 271'1q dgr (QT)fa(wa’qT)fb(wb,qT)eXP{——l 2§T]
2
X {1—21“043111 ?2 +1“C(2§3 ’ Q +6¢5 3% _ Ecg)

+ T (-445 In® = Q + 10¢2 In? Q — 30¢7 In % + 28(3(5)
T
+ O(F%)}
d bT ZbT"TT FC 2 sz’.?l‘
= 00 fa(Wa, 1) fb(wbau)/(z )2 exp —TIn P

@ Simple Sudakov exponential in Fourier space — solution well-defined
@ Induces same apparent-subleading terms as distributional solution
o Differ only by constant terms

— Intrinsically different boundary condition than distribution space
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Verification: LL cross section without as-running

Naive solution in momentum space:

1
27rq dq

o(qr) = 0(qr) fa(wa, gr) fo(ws, gT) exp {——l 2 @ ]

a7
X |1+ - 1"Cln3 Q

Yt o)
@ Naive solution misses many apparently subleading terms
@ These are crucial to cancel the observed divergence:

Hence, we find the peculiar feature that apparent-NNLL and higher
terms cancel the divergence caused by the apparent-NLL terms in
the strict LL spectrum.

@ Previous attempts tried to obtain an exponential form by neglecting
apparently subleading terms X [Frixione, Nason, Ridolfi '97] [Eliis, Veseli '98]

@ Resummation accuracy can not be specified by counting In(Q/qr) !
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Comparison to RadiSH

@ [Monni, Re, Torrielli '16], [Bizon, Monni, Re, Rottoli, Torrielii'17] recently carried out
resummation in momentum space using the ARES framework:

o(gr) = oo /d2k1 ﬂ —R(ek1) k1 hardest
2% k emission
oo 1 n+1 _‘ R kZ
- =2 ey <R <her

@ Comparison to our result:

Q du’
» p evolution: R(ekr) :/ H w)
ekT !
. R,(kl) le/
» v evolution: = E;
v i % el

» € acts as IR-regulator (similar to plus distributions)

@ Both approaches are closely related
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Comparison to RadiSH (NLL)

@ [Monni, Re, Torrielli '16], [Bizon, Monni, Re, Rottoli, Torrielii'17] recently carried out
resummation in momentum space using the ARES framework:

q- kl - n
a(dr) = oo /d2k1 # R(k1)+In(e) R’ (k1)

1 nﬁl / i, R’(kl) (

- ek:1<|k: |<k1

X2 -3, K)
@ In practice: expand all k; around hardest emission k;

@ Resums In(Q/k) rather than In(Q/qr)
» Formally equivalent?

@ Great simplification: Avoids most nonperturbative effects

@ Formally subleading difference to our method
» It will be interesting to check differences numerically
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Conclusion
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Conclusion

Resummation in momentum space:
@ All-order logarithmic structure encoded in RGEs

@ Proper treatment of kinematic cancellations requires distributional
solution of RGEs

@ Solved in principle: Allows resummation to arbitrary order N*LL

» Accuracy fully specified in terms of anomalous dimension
<+ no classification in In(Q/qr) possible

@ Complicated numerical implementation — work in progress
Phenomenological impact:

@ Boundary terms intrinsically different from Fourier space resummation
= expect insight into (non)perturbative uncertainties

@ g spectrum is intrinsically nonperturbative (no flaw of br space),
but nonperturbative contributions are suppressed as O (A% ., /q7)

@ Numerical study will be interesting (see also RadiSH)
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Conclusion

Resummation in momentum space:
@ All-order logarithmic structure encoded in RGEs

@ Proper treatment of kinematic cancellations requires distributional
solution of RGEs

@ Solved in principle: Allows resummation to arbitrary order N*LL

» Accuracy fully specified in terms of anomalous dimension
<+ no classification in In(Q/qr) possible

@ Complicated numerical implementation — work in progress
Phenomenological impact:

@ Boundary terms intrinsically different from Fourier space resummation
= expect insight into (non)perturbative uncertainties

@ g spectrum is intrinsically nonperturbative (no flaw of br space),
but nonperturbative contributions are suppressed as O (A% ., /q7)

@ Numerical study will be interesting (see also RadiSH)

Thank you for your attention!
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Problems in the momentum space resummation

Origin of divergence in Fourier space:
N — P o~ vp _ —
S(pT9 My VB) = / dsz et Pr S(bTa s VS) exp [ln 77u(bTa IJ'):|
S

@ vs = pr assumes In(brrs) = In(brpr) ~ 0 in Fourier transformation:

S(br, p,vs = pr) ~ 1+ agIn(brrs) In(bpp) + - - -
=14 as;In(brpy) In(bru) + - --
~1+4-.--

@ In fact: region by < p;l induces the explicit divergence:
— e vp
S(Pr, 1y vB) = /dsz exp [—ZI‘C In . 1n(b§u2)
S

1

1—w

~

vp
, w = 2T¢las(p)] In —
Vs

@ Divergence results from energetic emissions b;l > pr!
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Comparison: Resummation in Fourier space

dF(k, p)
dp
@ Formal solution in Fourier space: (neglecting a5 running)

- - Ho
F(y,pn) = F(y, po) exp (as In “>

@ Toy function is governed by p = —asF(k,pn)

@ F(y, o) depends on In(iyuoe?®) = Choose o = —ie 7% /y
@ Transform back to distribution space:

Pk 1) e~ VECs {6(k:) N [e(k) ( ) k)]u}

n) = —-—— Qg exp|oasIn —

’ F(l + as) k 12 +
Subleading correction distributional solution

@ Fourier spaces induces different boundary term:
e YEXs 71- 5
- =1-
T(1+ a,) 2%

Resummation in distribution space / Fourier space intrinsically probe different
boundary conditions! J
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Comparison to DDT-formula

@ Structure of the LL resummed cross section by [Dokshitzer, Diakonov, Troian '80]

oPPT(qr) = o0 5(Qsqr)

d
— fa(wa, qr) fo(wp, qr) €
dg7-

@ Comparison to LL in strict RGE counting (not counting In(Q/qr)):

ULL((fT) =

(was piz) Fo(w, 1) / a*;

|Pr|<ar

X exp |:/MT du 7H(Q’P‘ ):| [/d2£s6(k’s — ’_‘;;)

KrH

n Z H / dVi /d2EZ FYV(E’I:—]. — Ei, lLT) 6(’;,; = ﬁT = ZEZ):|

n=1i—1‘ki—1ly Vi

(6(k ) + {27711@ d‘; xp{/kwd:l Alcas (1)) ln',;}f)

s

271'q dqr

@ Simple structure of DDT-formula can not hold due to rapidity logarithms X

Markus Ebert (DESY) qT-Resummation in distribution space Les Houches 2017 3/20



[llustration of soft v evolution

@ Solve v-RGE
VdS(ﬁT’ Ky V)
dv
starting with boundary term S(pr, 1, v = prlt)
@ To illustrate solution, expand -
S(ﬁT’ Hy V) = Z S[n](ﬁTaﬂv V)
n=0

» S — soft function after n real emissions
> ~, counts as one real emission

@ v-RGE now becomes
d . — N
V@S[n](pfp,/—l:,y) - (’YV®S[ 1])(pT’lJ‘7V)

= (% ® 8)(Pr, 1y v)

@ Recursive solution: y
S (B, 1, v) = ST G, o) + [
vo

V/

d .
o (71/ ® S[n_ll)(pT7 M V/)

@ This requires vo = pr|; at each order n!
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Perturbativity of v-kernel

@ The v-kernel involves convolutions v, Q™

I
@ Problematic due to Landau pole in: v, (kr, p) ~ [M}

2mk2, n

> Expect (v ® %) (Frs ) = [ d*Fr 3u(Fiy — Ko, w) v (R, ) to be
non-perturbative
@ pr, 1 > Aqcp: Landau pole effectively regulated by plus prescription
@ lllustration:

/d2ET Yo (Br — k1, w)vo (R, 1)

_9 {% +0 ( A )r /” %Fc[as(k’ﬂ]

T br + JA

+ (v ®%)| (Prsn)

E2\(BA(§)UBA (Fr))
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Implementation of profiles

@ In practice: Vary scales to test perturbative uncertainties

@ Also want to transition between
» Canonical scale setting: o = prl, pr<KQ
» Fixed order regime: to = pro s Pt~ Q

@ Implementation through a profile po(pr) with distributional scale setting

@ Example: Rapidity anomalous dimension
’

Yo (Prs 1) = {'YSO(ﬁTaHO) — d(Pr) Hdlf 4Fc[as(u')]}
mo H

ro=po(pr) |+
Profile function:

» Canonical scale setting: wo(prT) o pr, pr L Q

» Fixed order regime: po(pr) x pro, pr~Q
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Example: Implementation of profiles for ~,

@ Resum ~,, at lowest order (i.e. keep only 3o, I'p)

@ together with the full O (as) boundary term 2L Lo (P, 1) a:l(u)
™
° ResuIIL: LL(o
A MOLLO) (5, u) = 2T Lo(Prs 1)

. 1 [p?  po(pr)?]*
B (5, ) = —2BoTo— [3 In —=>=—
mp +
2

Pr “2
1 2d1 =
+ 2,30F0—2 [% In #o(pr) n,uo(pT)]
L

Pr 7 dlnpr |,
+ 4ToBp In? ~ o(Pr)
to ()

@ Full result at O (a?):
. 1 [p? pr)* 1 [p?)* .
Y (Brs 1) = —20ol0— [3 In —2] +2Ih — [3] + Y 16(Pr)
T’ pp K24 p? [ prl 4
» Vanishes for canonical scale po(x) = = — probes subleading terms
» Reproduces exact result to this order for canonical scale po(xz) = x
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Nonperturbative modelling of ~,,

AT c[os H
@ Consider for simplicity only ~, (P, ) = {C[a(sz)]} + .-
27pT n
@ Split using a profile function .o (pr): "
Yol ) = | 3 ATl o (1)
TPT +
1 M
+ | gz (4Tcloor)] = arclauuo (o))
2npy n

@ For suitable profiles g, we can expand in moments:

+ Q. A"6(p
sz L ; (5r)

@ Moments become more intuitive in by-space:
oo

/ a2y e 3 QA () = 3 R (—b2)"
n=1

n=1

Y (Prs 1) = {

@ Leading nonperturbative effect on spectrum is a Gaussian:
o(qr) ~ /dng eiq#T"-"TH(Q)B(bT)2S(b:r)el’(l %%pert)(aT’”)e_ In 55 Qb+
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RG-evolved cross section (1)

- distributional
scale settin
o (dr) = o0 H(Q, pirr) o~ | @5 g
2mwqr dgr
|PT|<¢1T

-

NTd /
XGXP[/ W ’YH(QaH)] /dzk d%ky, A%k, 8 (P — ka — kb — Ka)

/d2 [5(3 )

+ Z H /Vq,—l dVV’L /dzﬁz ’y,,(i(;,,:_l — i(;,:, IJ'T) (5(’;3 - ,_4;,3 - ZE")]

n=1i=1"'ki-1ly Vi

= = =
X Ba(Wa) kas b1, Va) By(we, kv, prs vb) Sk, prs K L+)

v evolution v-logs minimized
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RG-evolved cross section (2)

o = =
Bo(was kas 115 Va) Bo(wbs kb, 15 Vb) S(ks’ KT, k_/gl+)

1 d 1 d 1 d
— ko) B(wp, kp) S[as(ks)]
2k, dk, 2wk, dky 27k dkg
/J'Td 4
X exp{/ Y ’YB(‘-‘-’aaN 7‘-‘-’@) + / 'YB(“-’b, 7“"b)
k

L )]

All logs minimized
(pure boundary)
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Comparison to Fourier resummation

@ Fourier resummation has analogous form of [Coliins, Soper, Sterman '85]:

d3b o~
U(qT) = 0o (271_;; ibr-dr
Q3 dﬁ2 QZ
— — (In —=Alas (it Blas(ft
x exp| /(l/w L (i % Ao ()] + 2B (o ()|

x H(Q,Q)B?(br,1/br,Q)S(br,1/br,1/br)

All scales minimized in Fourier space

@ Relation to our notation:
> A(as) = T'c(as) + B(as)
— Rapidity evolution contributes to cusp-term [Becher,Neubert '10]
> B(as) = v (as) — Yo (o)
@ Remark: Beam and soft functions are often combined into TMDPDFs
@ In practice: In(Q?*b?) — In(1 + Q>b?) differs from canonical

resummation, but suppresses small br — 0, e.g. in DYRes [Catani, de Florian,
Ferrera, Grazzini '15 ...], HRes [de Florian, Ferrera, Grazzini, Tommasini 12 ...]

d'?u(as)
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Comparison to partial Fourier resummation

@ Many groups employ hybrid scale choice pur [Becher, Neubert, Wilhelm '12 "13],
[D’Alesio, Echevarria, Melis, Scimemi '14], [Echevarria, Kasemets, Mulders, Pisano '15]
BH =Q,uB = pT, b5 = [T

v =Q, vs ~ 1/br

@ where 11 ~ Qg + gr is chosen in momentum space and Qo ~ 2 GeV
[D’Alesio, Echevarria, Melis, Scimemi '14] / Qo ~ 8 GeV [Becher, Neubert, Wilhelm ’12]
@ RG-evolved cross section:
d?by
0 e
(2m)?

Qd ’ -
< exp[— / ” vH(Q,u')} exp [— (b Q)F (Brs 112

/
LT

ibr-Gr

o(qdr) =o

x H(Q,Q)B?(br, pur, Q)S (br, pir, 1/br)

» v-scale chosen in Fourier space — no spurious divergence
» p-scale chosen in physical space — no nonperturbative effects

o Differs from canonical resummation for small g
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Distributional scale setting

(For simplicity: for one-dimensional distributions)
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Toy example

@ Toy function F'(k, ) containing logarithms In(k /)

@ Logarithmic structure governed by toy RGE:
dF(k, p)
p—"

e = —asF(k,p)

@ Formal solution: (neglecting a5 running)
Ho
F(k,p) = F(k, po) exp (as In M)

» shifts logarithms In(k/ o) into In(k/ )
» sufficient if F'(k, o) is known “exactly” at reference scale po
Example: PDF evolution
@ Purpose of resummation:
» predict all logarithms of F'(k, u)

» such that F'(k, uo) is free of large logs In(k/ o)
— F'(k, o) can be calculated perturbatively
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Toy example

Simple toy function:
@ Toy function (neglecting o running)

F(k,p) = F(k,po) exp (as In ”0)
I

@ po = k eliminates all logarithms In(k/ o) in boundary term
F(k,[,bg:k):].—{—-

@ All logarithms are now fully resummed:
k
F(k,p) =01+ ---)exp(asln>
7

k1, ,k
=l4asln—4+ —a;In” — 4 -
B2 p?

@ All-order structure of F'(k, ) easily derived from evolution equation
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Toy example in distribution space

Plus distributions:

@ For many observables: F'(k, i) contains plus distributions
(Encodes the cancellation of IR divergences k — 0)

0)g k)| = O(k)g(ka ) fork 0
/“dk [0(k)g (K, N)H —0

@ Important type:

enth = [ 18 e £

Kt
Distributional toy example:
F(ka IJ') = 6(k) + asﬁﬂ(ka H) + aiﬁl(ka H) +---

o fulfills the RGE

dF(k, p)
HT, = —asF(k, p)
7
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Toy example in distribution space

@ How to derive the toy distribution
F(ka N) = 6(k) + asLO(ka IJ/) + agﬁl(ka IJ/) + .-
dF(k, p)
Iz dp
@ Formal solution: F(k,p) = F(k, po) exp (Ots In M)
7

o from its RGE? = —a,F(k, )

@ Need to mimic normal scale setting:
» Minimize boundary term

F(k, po = kly) = 6(k) + -

» Predict higher logarithmic distributions

d(k) exp (as In “0> =0(k) + asLo(k,p) + - --
7

po=kly
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Distributional scale setting

Definition:

D(kyp = kly) = % dek' DK, = kz)}

@ Setting u = k inside integral well-defined

@ No effect for arbitrary pu = po:

Illustration:

L(kyp = k)

D(k?l'l’ = ﬂOI—l—) = D(kaﬂf - HO)

d [* [H(k’) Ak

; In
dk k u

+l et

[e(k) nHk]
n+1 K=k

d
—0=0
dk

@ Minimizes distributions £,,(k, n) like ordinary logarithms In"(k/p) v/
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Distributional scale setting

Definition:

D(kyp = kly) = % dek' DK, = kz)}

@ Setting u = k inside integral well-defined
@ No effect for arbitrary . = po: D(k, p = poly) = D(k, o = po)

Properties: (n, m > 0)

o(k H
§(k) W+t He — (n+ 1){ ®) 1 ]
Ho=k| nl4
(m + 1) Lo (i, ) ™ 22 = (n+m +1)Lonsn(k, p)
po=k|

o Distributions are essentially treated like ordinary logarithms
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lllustration: The distributional exponential

@ Formal solution: (neglecting a5 running)
7}
F(k,p) = F(k,po) exp (as In “0)

@ Correct minimization of distributional boundary term: po = k|:

d k ’ ’ Mo
F(k,p) = —/ dk’ F(Kk', po) exp(as In )
dk n —

da [~ _, , k
:—/dk F(k',k)exp|asln —
dk n

— 001+ exp(an )

sl

= é(k) + Oésﬁo(ka N) + agﬁl(k’a N) + e

@ 1o = k|4 correctly produces the distributional exponential v/
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Alternative solution of toy function

@ Toy RGE uch(lI:;N) = —a.F(k,p)

® Ansatz F(k, ) = fo(u)d(k) + [0(k) f1(k, 1)];

@ Apply derivative:
dF(k, N) _ dfO(N) _ dfl(k’ N) "
A d(k) (ud uh(mu)) + [W@)umu L

= —afo()8(k) — oa[0(K) fi(k, )"

@ Coupled system of RGEs:
dfl (ka H) _

d = _asfl(k7/") )

n

udfo(“) = —asfo(p) + pfi(p, p) .
dp

@ fo(w) is pure boundary, determines f;(k, w):
d k
Fulko) = 5y Fa(k) exp(acin )
dk 1)
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Alternative solution of toy function

@ Toy RGE uch(lI:;N) = —a.F(k,p)
o Ansatz F(k,p) = fo(u)3(k) + [0(k) f1(k, w)]"

@ Simplest boundary: fo(u) =1
d k
F(k,p) =6(k) + [O(k) exp (as In )}
dk )

"

+
n

= d(k) — as [G(k) exp <a3 ln z)]

+
@ Exactly matches the solution using po = k|4
@ lllustrates equivalence of both techniques
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Summary: distributional scale setting

@ Minimizing distributional logarithms requires distributional scale setting

D(k,p = k|y) = % [/kdk'D(k’,u = k:)]

@ Two-dimensional generalization:

D(pr,p = prlt) = Lo UI

27wpr dpr ) |kr|<pr

d?kr D(ETa n= pT)}

@ Treats distributional logarithms essentially like ordinary logarithms

@ Allows to solve RGEs (i.e. resummation) directly in distribution space
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